Abstract: An optimized and high-performance Monte Carlo simulation is developed to take thorough account of the influence of chain-length-dependent termination rate constant on polymer microstructure in ATRP. According to the simulation results, bimolecular termination rate constant sharply drops throughout the polymerization when chain length dependency is applied to the program. The also, the initiator is entirely decomposed at the early stages of the polymerization as the plot of C I against time shows. The concentration of the catalyst in lower oxidation state decreases first and then plateaus at higher conversion. Furthermore, the amount of n t M Y / L used in the polymerization is lower when the chain-length-dependent termination rate constant is employed in the simulation. Finally, the peak of molecular weight distribution of polymer chains shifts toward higher molecular weight during the reaction. Besides, the molecular weight distribution broadens at higher conversion. However, the molecular weight distribution of polymer chains produced under conditions of applying chain-lengthdependent termination rate constant is narrower.
Introduction
In the recent years, various attempts have been made to apply control over free radical polymerization by using different procedures, which are mainly supposed to control the reactions between two free radical species. To this end, versatile methods-known as controlled/-living‖ radical polymerizations-have been developed to combine the versatility of free radical polymerization with the controlling features of living anionic polymerization. Having brought chain structure under control, this new concept has provided new and advanced applications of free radical polymerization techniques [1] [2] [3] [4] [5] [6] .
The key kinetic feature of all these methods is the reduction of termination/transfer reactions by reducing the concentration of free radical species during the reaction through a dynamic activation/deactivation cycle. In other words, growing chains switch between active and dormant states so as to drop the instantaneous concentration of free radicals and thereby suppressing the bimolecular termination reaction rates which are normally related to the square of radical concentration [7] .
Of the various controlled polymerizations, nitroxide-mediated polymerization (NMP) [8] [9] [10] , reversible addition-fragmentation chain transfer (RAFT) [11, 12] , and atomtransfer radical polymerization (ATRP) [13, 14] are known as the most common techniques. The latter, which is founded on the reversible termination of radical species, has attracted more attention due its simplicity and its more similarity to the conventional free radical polymerization. It utilizes a transition metal complex as the medium of halogen atom transfer to change a growing radical into a dormant species (Scheme 1).
Scheme 1. Equilibrium of ATRP Reaction.
To inspect the behavior of ATRP, several analytical models and mathematical modeling have been introduced. For instance, moment equations have been successfully employed to predict the molecular weight averages of living free radical polymerizations [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . However, they are not able to predict molecular weight distributions. The PREDICI has also been used as a powerful tool to solve a series of differential equations so as to obtain full molecular weight distributions of macromolecules produced by different living free radical polymerizations [25] [26] [27] [28] [29] [30] . In addition, Monte Carlo method, owing to the statistical nature of the chain growth and chain terminating reactions, is another excellent method utilized to simulate both conventional free radical (co)polymerization systems [31] [32] [33] and controlled free radical polymerizations [34] [35] [36] [37] [38] [39] [40] . Monte Carlo method overweighs other analytical methods in several ways: for example, it can be easily implemented to different polymerization systems. In addition, compared to moment equations, it is not restricted to solving stiff differential equations. Moreover, it does not require stringent assumptions which mainly cause most of analytical methods to lead to approximate results. Furthermore, Monte Carlo method is capable of storing the whole information of polymer chains while the reaction proceeds, and therefore, it can compute the rates of different reactions (such as activation, deactivation, propagation, transfer, etc.), the concentration of reaction components, and molecular weight averages in the course of the polymerization. Finally, it can visualize the detailed chain length distributions of the macromolecules virtually synthesized. Nonetheless, unfortunately, inefficient simulation programs based on Monte Carlo method usually take long times to complete, if not implemented properly.
To the best knowledge of the authors, a review of related literature indicates that the Monte Carlo simulations of ATRP-and particularly ATRP of styrene-presented so far [37, 41] have mainly dealt with the common reactions such as equilibrium, propagation, termination, and transfer and have not taken the chain end degradation reactions into consideration as shown in Scheme 2. These reactions, by reason of dealing with the catalyst in higher oxidation state, can have a great impact on the role of the catalyst as the regulating agent of ATRP and thereby influencing the living nature of the polymerization. Moreover, presented simulations have ignored the effect of chain length on termination rate constant, which can affect the contribution of termination reaction and thereby the livingness of the reaction.
Scheme 2. Simulation Reactions of ATRP of styrene.
In this contribution, Monte Carlo method is applied to the controlled free radical polymerization by employing a thorough kinetic scheme including chain end degradation reactions [42] . Additionally, we investigate the effect of chain-lengthdependent termination rate constant on polymer properties, namely molecular weight distributions of chains, in our simulation. Conversion; reactant concentration; molecular weight averages; and molar and weight chain length distributions are also considered as the response parameters of the simulation.
Simulation Description
The kinetic scheme used in the simulation includes activation, deactivation, thermal initiation, propagation, termination by combination, transfer to monomer, and chain end degradation reactions [42] . The elementary reaction steps of ATRP used in the simulation are listed in Equations (1) to (9) . The kinetic parameters and initial concentrations inputted to the simulation are also given in Tab. 1. (10) This 0 tc k should be the real rate coefficient for termination between two monomeric free radicals. i and i c are respectively the chain length and the critical chain length indicating the short length boundary; e s is also equal to 0.5 [51] .
However, for -long‖ radicals the following equation is proposed:
; .
where, the 0 () SL ee tc c ki term in this equation gives continuity with Equation (10) at the -crossover‖ chain length (i c ); e L and i c are reported to be equal to 0.16 and 100 respectively [51] . To summarize, we use the following composite model in this paper: ;
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The overall rate coefficient for termination-the termination rate coefficient observed in a conventional free radical polymerization-at any instant of the polymerization can be correlated to , ij tc k constants (either diffusion, geometric or harmonic mean) as reads:
where, [R i ] and [R j ] stand for the concentration of chains with the length of i and j respectively.
[R] is also the total concentration of all radical species. As this statement implies, Equation (16) is not also restricted to steady states. Because the termination nature is similar in both conventional free radical polymerization and atom transfer radical polymerization, the same model is adopted for ATRP in our simulation. It is also assumed that the rate constants are not diffusion-controlled in the course of the simulation.
The Monte Carlo methodology employed herein is adopted from the well-known Gillespie's algorithm [52] . A subroutine on the base of improved Mersenne Twister algorithm is used in the simulation to produce random numbers with long period lengths-which is required to avoid the repetition of random numbers in polymerization reactions. This subroutine is written in C++ language and the generated random numbers satisfy the tests of uniformity and serial correlation with high resolution. It should also be noted that the cycle length of this random number generator is long enough, namely 2 216091 -1, to cover the needs of this simulation. A suitable and optimized program according to the flow chart presented in Scheme 3 is written in C++ language and compiled on a 64-bit openSuSE Linux operating system to manage the huge amount of memory requested by the program. The average run time of the program for a simulation volume of 1×10 -14 liters on a computer equipped with two 2.0 GHz CPU's and 4 GB memory is approximately 2 hours.
Results and Discussion
It is highly asserted that as macromolecules become longer, due to hindrance effects and lower mobility of chains, the bimolecular termination rates decrease. In other words, the bimolecular termination rates between macromolecules are almost an order of magnitude smaller than those of monomeric species. The model employed herein is based on a composite model that considers a critical chain length around which the dependency of termination rate constant on chain length is calculated by using two different equations. In addition, three models based on diffusion, geometric, and harmonic means are used to calculate the cross-termination rate constants. Fig. 1 shows the variation of these three mean values as a function of reaction time. As it can be seen, all the three models, namely diffusion, geometric, and harmonic means, lead to the similar results. Moreover, the cross-termination rate constants given by three models decrease as the reaction proceeds. In effect, since in controlled/-living‖ free radical polymerization the molecular weight of chains rises over the course of the polymerization, the chain-length-dependent bimolecular termination rate constants fall accordingly and finally level off. Therefore, it can be inferred that the dependency of bimolecular termination rate constants on chain length is mainly controlled by a certain chain length beyond which the mobility, and consequently reactivity, of radical chains remains constant, and thus no more decrease in the rate constants is seen. Since all the three models have ended in similar trends, to avoid extra computation, only geometric model is applied to the simulation program.
Simulating Bimolecular Termination Rate Constant
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Simulating Dependence of Reactants on Reaction Time
The variation of monomer conversion in terms of Moreover, including chain length dependency of termination rate, as represented by -CLD‖ legend in all figures henceforth, changes the trend of monomer conversion; actually, owing to smaller termination rate constant, the reaction proceeds to higher conversion (98.5%) when bimolecular termination rates are computed with having taken into account the chain length effect. In fact, as the amount of bimolecular termination reactions decreases, the polymer radicals can further maintain their livingness during the reaction. On the other hand, when termination rate constants are not chain-length dependent, as represented by -No CLD‖ legend in all figures henceforth, the reaction stops before completion at conversion about 86%. Fig. 3 . The change in the concentration of initiator over the course of the polymerization reaction is also delineated in Fig. 4 . It is obvious that, thanks to fast initiation, initiator is entirely decomposed at the very early stages of the polymerization. It should also be noticed that the same results are obtained regardless of the effect of chain length on termination rate constant since initiator is completely consumed in the activation process without being affected by termination or transfer reactions. No CLD CLD Fig. 7 . Change in the concentration of growing radicals. Fig. 7 portrays the dependence of growing radicals on reaction time. As depicted in this figure, the concentration of growing radicals, regardless of the initial stage of the polymerization, is almost constant. Moreover, the unnatural fluctuations (particularly at the beginning of the polymerization) in curves are attributed to the unsteadiness of the polymerization-and in particular equilibrium reaction. In fact, since the concentration of free radicals in ATRP systems, compared to FRP ones, is much lower, a small change in the reaction may result in noticeable fluctuations. It is also clear that the chain length effect on termination reaction does not significantly affect the concentration of growing radicals since-because of equilibrium reaction and living nature of ATRP-it is already reduced to very small amounts.
Simulating Dependence of Molecular Weight and Polydispersity Index on Reaction Time
The living nature of ATRP has successfully fulfilled the requirements of producing tailor-made polymers with narrow molecular weight distribution. It also provides the prerequisites for obtaining molecular weight that linearly augments over the course of the polymerization. To monitor the effect of chain-length-dependent bimolecular termination rate constant on polymer properties, Monte Carlo simulation method is utilized to calculate the change in number-, weight-, and z-average molecular weights as the polymerization progresses. Furthermore, the program is optimized to simulate the polymerization system so that the molecular weight of generated polymer chains lies in the vicinity of theoretical molecular weight. In addition, the variations of polydispersity index (PDI) and 9 depicts the augmentation of weight-average molecular weight during the polymerization reaction. Similar to number-average molecular weight, the weightaverage molecular weight increases more sharply at the early stages of the polymerization. It is also deduced that the molecular weight of chains produced under conditions of chain-length-dependent termination reaction is larger than that of chains generated through the polymerization system in which the effect of chain length on termination reaction is neglected. The growth of z-average molecular weight is illustrated in Fig. 10 . As expected, zaverage molecular weight also ascends the same as M n and M w . However, at the final stages of the polymerization, as the concentration of monomer is becoming lower and lower, the z-average molecular weight of chains produced in the -CLD‖ case tends to plateau, while chains generated in the -No CLD‖ case continue growing. In other words, the z-average molecular weight of polymers produced without considering the effect of chain length on termination reaction, i.e. -No CLD‖ case, will probably become larger than that of polymers produced in the -CLD‖ case at the end of the polymerization. A slighter change can also be seen in weight-average molecular weight; however, it is not noticeable in the variation of number-average molecular weight. Therefore, it can be deduced that the predomination of molecular weight-weight-and especially z-average molecular weight-in the -No CLD‖ case at the final stages of the polymerization is because of termination by combination and coupling of chains, which affects the weight-and z-average molecular weights more remarkably than number-average molecular weight in the reaction time range studied. In fact, the effect of coupling reactions on M w and M z , rather than M n , appears in lower conversion, as they are correspondingly influenced by the square and the cube of chain length.
As can be seen in Fig. 11 , polydispersity index of polymer produced in ATRP greatly drops over the course of the polymerization. In fact, as the reaction proceeds, chains become more similar in length. In addition, it is shown that the decrease in polydispersity index continues to the very end of the polymerization. As presented in the inset of Fig. 11 , it can been seen that the polydispersity index of polymers generated under conditions of applying chain length effect on the termination rate constant, namely the -CLD case‖, is notably smaller than that of polymers produced without considering the effect of chain length on termination rate constant, i.e. the -No CLD‖ case, when the reaction progresses to high conversion. 
Simulating Complete Molecular Weight Distribution throughout Polymerization
Monte Carlo method, contrary to many analytical models, is able to easily calculate the molecular weight distributions during the polymerization as it is not dependent on solving some stiff, time-related differential equations. As mentioned above, the number and weight distributions of polymer chains are also plotted as a function of polymerization conversion and logarithmic scale of degree of polymerization (see Fig.  13 and Fig. 14) . It can be noticed that the location of the peaks of both number and weight distributions shifts to higher molecular weight while the polymerization proceeds; in fact, this additionally affirms the feature of controlled/-living‖ radical polymerization, in which molecular weight linearly increases throughout the polymerization. Furthermore, it should be noted that both number and weight molecular weight distributions broaden at higher monomer conversion because of the accumulation of dead chains in the reactor.
In addition, when the chain-length-dependent termination rate constant is applied to the simulation program, two main features affirming the livingness of the system stand out: firstly, the reaction proceeds to higher conversion, i.e. 98.5% in the -CLD‖ case; secondly, the molecular weight distributions become narrower in comparison with the -No CLD‖ case (compare distributions having black vertical drop lines at 98.5% conversion with distributions having gray vertical drop lines at 86% conversion in Fig. 13 and Fig. 14) . livingness of the polymerization and shows that the reaction reaches higher conversion when the termination rate constant is chain-length dependent. In addition, as the plot of C I against time shows, the initiator is decomposed at the early stages of the polymerization. The concentration of catalyst in higher oxidation state rises at first and then levels out at higher conversion. Furthermore, the amount of n+1 t X -M Y / L generated in the polymerization is lower when the chain-length-dependent termination rate constant is applied to the simulation. Also, the molecular weight of polymers produced through termination reactions with no chain-length dependency is smaller than when the termination reaction rate constant is chain-length dependent. Finally, the peak of molecular weight distribution of polymer chains shifts toward higher molecular weight throughout the polymerization. Besides, the molecular weight distributions become wider at the end of the polymerization. However, chainlength-dependent termination reactions result in narrower molecular weight distributions, as expected.
